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TERMINATION OF STRING REWRITING RULES 
THAT HAVE ONE PAIR OF OVERLAPS* 

A1TONS (iKSKiP 

Abstract. This paper presents a partial solution to the long standing open problem of termination of 
one-rule string rewriting. Overlaps between the two sides of the rule play a central role in existing termination 
criteria. We characterize termination of all one-rule string rewriting systems that have one such overlap at 
either end. This both completes a result of Kurtli and generalizes a result of Shikishima-Tsnji et al. 

Key words. semi-Thue system, string rewriting, one-rule, single-rule, termination, uniform termination, 
overlap 

Subject classification. Computer Science 

1. Introduction and Related Work. Termination of one-rule string rewriting systems (SRSs) is a 
long standing open problem [12, 13. 11, 15, 14. 7. 10, 18, 2. 3, 4]. The first systematic approach was started 
by Kurtli [8]. He introduced a number of termination criteria to solve termination for all ( -» r where 
|r| < G. 1 

Most of Kur til’s criteria (5 out of 8). and indeed most of the criteria introduced since, are bast'd on two 
sets: the set of overlaps of the left hand side (from the left end) with the right hand side (from the right 
end): and the sot of overlaps of the right hand side (from the left end) wiih the left hand side (fiom the light 
end). Kurt.h’s Criterion D states that we have termination if one or both of the two sets are empty. 

In the case where both sets are singletons, we say that the one-rule SRS has one pail of overlaps. 
Kurth [8] provides Criterion F specifically for this case. As Criterion F can only prove tei initiation of mles 
that are left barren or right barren, it is incomplete as we will show (Example 2). Shikishima-Tsuji et al. [1G. 
Theorem 2] show that a confluent one-rule SRS with one pair of overlaps terminates if and only if there arc* 
no loops of lengths 1 or 2. As a consequence termination of such SRSs is decidable*. 

This paper completely solves the termination problem for one-rule SRSs with one overlap pair. We prove 
that such an SRS terminates if and only if it has no loop of lengths l, 2 or 3 (Theorem 7.1). This implies 
decidability of tin* termination problem. 

It turns out that the extension is non-trivial. There are two behaviours that wen* observed ueithei 1>\ 
Kurtli nor by Shikishima-Tsuji et al. Loops of length 3 is one of them; the other is terminating noil-tame 
rules. 

This paper makes the following original contributions: 

1. Termination of one-rule SRSs with one overlap pair is shown decidable. 

2. Termination of one-rule SRSs with one overlap pair is shown equivalent to the* non-existence of loops 
of length 3 or less. 

3. Terminating one-rule SRSs with one overlap pair are shown to have linear derivation lengths. 

4. The* first termination criterion for a class of non-tame one-rule SRSs. 

-This work was supported by the National Aeronautics and Space Administration under NASA Contrail No. N AS 1-9 AM b 
while tlit' author was in residence at ICASK, NASA Langley Research ( enter, Hampton. \ A 2.ib81-2 199, l SA. 

t Address: ICASK, Mail Stop 1T2C, NASA Langley Reserch (’enter, Hampton, VA 24(»S1. K-mail: geserCicase.edu 

t An Knglish presentation of Kurt It’s chapter on termination can be found in the aut hor’s habilitation t hesis Mj. 
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The paper is organized as follows. After the preliminaries (Section 2) and an introduction to left barren 
and tame rules (Section 3). wo focus on the interesting non-tamc case. In Section 4. we derive a pattern that 
desciibes the non-tanie l tiles. In Sections o and G, w<* solve the non-terminating and terminating non-tamo 
rules, respectively. Section 7 finally shows the main theorem of the paper and its ramific ations. 

2. Preliminaries. A string rewriting rule is a pair f ->• r of strings. (. r G E* when' E is a given 
alphabet. A set of string rewriting rules is called a string rewriting system (SRS). An SRS R induces a 
rewrite step relation — > defined by s — > t if there an 1 u, c G E* and a rule ( — > r in R such that .s = u(r and 
t = are. The' SRS R is said to terminate if there* is no infinite' sequence of rewrite 1 steps ,sj 

A string a is called a factor of v if v = sut for some .s, t G EE a prefix if v - uf for some t G EE a suffix 
if r = su for some s G EE Th<‘ prefix or suffix u of v is calk'd proper if u ^ e. The set, of overlaps of a string 
u with a string v is defined by 

OVL(?/.r) = {w G E^ | u = u'w, v — wv\u , v t ^ e,u\v f G E*}. 

Tin 1 length of a string u is denoted by |u|. 

3. Left Barren Rules. For a fixed one-rule SRS {f -> /•} let .4 = OVL (rJ) and B = OVL (f,r). In 
what follows we consider .4 and B as disjoint. For all a G A. the strings and r n are defined by f = nf a 
and v = r a a, respectively. Likewise, for all S G B, the strings and an* defined by f — (jlj and v — Sri, 
respectively. 

The following definition of “left barren” is after McNaughton’s correctc'd version. The 1 original definition 
is renamed to “left s-barron” (see Definition 3.4), following a suggestion of K obayashi et al. [7]. 

Definition 3.1 (Left barren, right barren [12]). A one-rule SRS {t -> r } is called left, barren if f is 

not a factor of r and no f n ,a G .4 is a prefix of any concatenation r.j l . . . r ; i k where S\ Sj. G B.k > 1. 

Dually . {( -+ r) is called right barren if f is not a factor of r and no (1 G B is a suffix of any concatenation 
r (U . . . r fU . where c>i , . . . , n k G A, k > 1 . 

A one-rule SRS {f. — » r} is called non- overlapping if OVL (f.f) — 0. 

Theorem 3.2 ([12]). Every non-overlapping , left barren, one-rule SRS terminates. 

Theorem 3.3 ([3]). Every left barren one-rule SRS terminates. 

By symmetry w.r.t. reversal of strings also every right barren one-rule SRS terminates. 

Definition 3.4 (Left s-barren, right s-barren [12, 7]). A rule f r is called left s-barren if no ( n ,a G .4 
/.s a prefix of any G D. Dually (f — > r is called right s-barren if no / ; ?, f) G B is a suffix of any r a . o G A. 

A left barren rule is left s- barren, but the? converse usually does not hold. Indeed we will encounter 
left s-barren, not left barren rules later in this paper. They belong to a class of rules whose termination is 
particularly difficult to show. Next we will define this class. 

In the following definition we consider .4, B as (disjoint) alphabets. For a — aio 2 . . .a* G A* we define 
*Vr by t' T{ = , f. (l2 . . . ( nk . And dually, for fi - ji 2 . . . S k G B* we define by f. {in . . . ( ih . 

Kobayashi et al. [7] introduced the notion of tamo, non-overlapping one-rule SRSs. 

Definition 3.5 (Tame [3]). Let {f r } be a one-rule SRS. The sets C and D are defined by 

C = {r f € E* | r = i3f w r’ , fi G B, 7F G .4*}, 

D = {r ; G E* | r = a G A, ft G ZT }. 

Then f -> r 7s called tame if f, is neither of the form 

nr i r 2 . . . 


(3.1) 



for any <t 6 A. k > l, , r* € C, and non-empty prefix w of an element of C: nor of the form 


(3.2) 


HT[ 7’-j . . . Tj ft, 

for any ft E B, j > 1, rj r; G Z), rind non-empty suffix w of an element of D. 

The* following result is implicit in Kobayashi e*t. al. [7, Cor. 5.9]. 

Tukoukm 3.6. Every non -over 'lapping. fame, left s-barven one-rule SRS is left barren. 

TllKOUKM 3.7 ([3]). Every tame , left s-barren one-rule SRS is left barren. 

By symmetry. eveuy tamo, right s-barren one-rule SRS is right barrel. 

Proof. For a proof by contradiction, assume that f -> r is not left, barren, i.o., some ( n is a prefix of 
some* concatenation r^, • • • r,i n . Let n be* minimal. If n = 1 then ( -4 r is not left s-baiien. So // > 2 

w lienee t n is of the form r.^ r ih ■ • • rj n _ x w where w is a nonempty prefix >f r.i„ . Hence f is of the form (3.1 ) 
and so f — > r is not tame. □ 

4. A Reduction of the Problem. Throughout the remainder of this paper we assume a one-rule SRS 
{ f — > r } that, has one pair of overlaps, i.e.. | ()\ L(r, /)| = | OVL(/, ?*)| = 1 bet then n. ft € E + be defined b\ 
OVL (rj) = {n} and ()VL(f,r) = {/*}. 

We* will devote the greater part of the paper to solving the interesting case: rules that are left s- barren 
but neither left barren nor right s-barren. According to Theorem 3.7. ti ese are noil-tame, specifically t hey 
are of the form (3.1). In this section we will derive the general pattern of such rules. Let us henceforth 
assume that f is not a factor of r and that \f\ < |r|. 

The 1 first, pattern is derived without the right-s-barren hypothesis. 

LKMMA 4.1. Let t — > v be left s-barren but not left barren. Then |4| > |a| and ( -4 r is of the form 

a(wu'')"- l w -4 ftme (d.l) 

for some n > 2, w ( E E* , and w G E 7 ". 

Proof Lot. t -4 r be* loft s-barren but not left barren. Then we' get 1 y t.lie respective definitions that t (% 
is not a prefix of r\j anel that f n is a prefix of r” form some n > 1. Hence is a proper prefix of So 
let. ( n = whe*re ?/ > 2, and to is a non-emi)ty prefix of r.j . Let G E* be 1 defined by rj = tote'. By 

back-substitution we get the form (4.1). From |/im| = \r\ > \f] = |or ”“ ' w\ we cone-hide |rf| > M- □ 

If we 1 add the right-s-barren hypothesis, then we can rule 1 out the' case where a and ft overlap in /. 
Lkmma 4.2. If f -4 r is left s-barren but neither left barren nor right, s-barren, then |a| + \ ft\ < \f]. 
Proof For a proof by contradiction assume |a| + \ft\ > |/|. Let ( -4 r be le'ft. s-barren but not le*ft barren. 
By Lemma 4.1 we ge*t that f -4 r has the* form (4.1). Then by |a| 4 \ft\ > \f\ there is a non-empty suffix « 
of a such that ft = u(wie') n - 1 w. Define a 7 G E* by a = a’u. The string a' is non-empty by ft ^ t. Thus f 
and r are 1 of the form 

f = a t u{ww f ) n ~ 1 w, 

r = u(ww t y , ~ l wwiv f , 

for some n > 2, w f E E*. and a 7 , w, w E E + . 

Now le't mon'over ( — > r not be* right s-barren, i.e.. le*t ( \j be* a suffix of r rt . This is e*xpre*ss('el eepiivalently 
by the* string ecpiation zf;i a = r for some z E E*. I sing = a 7 this instantiate*s to 

z<\ a n - u(ww') n ~ ] www’ . 



Let m > 0 be maximal such that ((W)' 1 ' is a suffix of u. Define u\ £ E* by u = u\((ww , ) ,t ‘ l www r y n . 

Then m is a proper suffix of (ww') n ~ 1 www' , and the? equation reduces to saVu, = m {ww* )” ~ 1 www* . If 
m > 0 tlu'n ob/i £ ()YL(r, f), a contradiction. So in = 0 and u — u.\. 

If //| is a suffix of ww* th(*n u\w £ OVL(L r), a contradiction. So ww f is a proper suffix of «.[. Le't 
v -2 € E + be defined by Ui — The e(iiiation reduces to zo'n'my = U 2 (ww , ) n w. 

By definition of w,, u> is a proper suffix of («>«>')"“ l w. Then u 2 € OVL (/\r), a contradiction. □ 

If n and ti do not overlap in (. then w(' can narrow the pattern for the rule: 

Lkmma 4.3. Let ( -> r be left s- barren but not left barren . If |n| 4- \ii\ < |/| then ( ->■ r is of the form 

tnvxymv — > ymmvxy<\ (4-2) 

for some x £ E* and //. a, w £ E + . 

Proof. Lc't ( — > r he left s-barren but not left barren. By Lemma 4.1 wo got that ( — » r has tin* form (4.1). 

Case* 1: ft = w /, (w , w) / for some 0 < i < n — 1, and some non-empty suffix w rt of tt\ If i > 1 then 

/r" £ ()VL(7, /*), a contradiction. So / = 0 and ft — w n . Then 

M “ K1 = Im-^I + M + |w ?/ | - (|o| 4- n\w\ 4- (n - 1 )|//?'| ) < 0, 

again a contradiction. 

Cast' 2: ft = w ,, w(w , w) i for sonic? 0 < i < n — 2, and sornr nonempty suffix w" of ir* . If / > 1 then 

w"w £ OVL (L r), a contradiction. So i = 0 and ft = «/'«;. Let in' = jrw/' for some string ./*. Then we have* 

r — w f, wwxw , \ 

and so 


\r\ ~ \f \ ~ 2|«;"| 4- 2|tc| 4- \x\ - (|a| 4- (n - l)|/c"| 4- (n - l)|x| w|w;|) 

= (3 - n)\w"\ 4- (2 - n)\w\ 4- (2 - n)M - |a|. 

If n > 3 then \r\ - |£| < 0. So n = 2 and |r| - |f| = |u;"| - |a| > 0 whence |w"| > |a|. By definition of a now 
a is a. proper suffix of w". Let w" = ya for some ?/ € E + . We conclude that f -> r is of the form (4.2). □ 
Putting Lemma 4.2 and 4.3 together allows us to narrow the rule pattern further: 

Lkmma 4.4. If P r is left s-barren but neither left barren nor right s-barren then P — > r is of the form 

awx(yawx ) rn+ 1 aw — >• yawxarwwx(yawx) m + l a. (4-3) 

for some m > 0, x £ £*, and a.w,y £ £ + . 

P?ee/. Let f 4r he' left s-barren but neither left barren nor right s-barren. By Lemma 4.2 we get 
l a l 4- \fi\ < |f|. By Lemma 4.3 wc» get that l r has the form (4.2). 

The 1 property that f — ► r is not right s-barnui means that f.$ — mux is a suffix of r n = Them 

we have' to solve' the string equation 

zmux = ymuwxy (4-4) 

for z, x £ E* , a, ?y £ E + . 

Let rn > 0 he* maximal such that y m is a suffix of x. Define x { £ E* by x = x\y m . Then zawx\ = 

| y and .r, is a propeu* suffix of y. Define y x £ E + by y = Then = jy, xjaHuraui/, . 


l 


If //! is a suffix of w t Ikmi y x E ()VL(f,r). a contradiction. So w is a proper suffix of t/i. Define y> E 
by y i = y^w. Then the equation reduces to co = ;*/•_» «J.ri n (ctr.ri </ 2 . 

If y. 2 is a suffix of n then y>w E ()VL(f,r), a contradiction. So o is a proper suffix of t/ 2 - Defiii(‘ 7/ :i E 
by 7/2 = 7 / ; pv. Tli<* (‘(illation reduces to c = !foawx\ (\wwx\ y A which is trivial. 

By back-substitution we get 


V - V i - r i = = //:i07/u*i. 

./■ = | //“* = X i i 

/ - ■ mr;r//mr = oh up (//;{(> ■«’./* i )"' + 1 mr. 
r — yatwwxyn = y^(\u\r \ a icf/up (//^ofr.ri ) ;/J 'a. 


and thus the form (4.3) by the renaming ./*i >-4 .r, y.\ *-4 y. □ 

The following is interesting to note. It explains why rules of the form (4.3) were not observed by 

Shikishima-Tsuji et al. 

Thkohkm 4.5. All rules of the form (4.3) are non- eon fluent. 

Proof . A one- rule SRS {/ -4 r} where |f| < \r\ is confluent if and only if ()YL(/, f) C OVL(r.r) by a result 
of Wrathall [17]. A rule of the form (4.3) satisfies aw E OVL(f , f). If aw E OV L(r, r) then aw E 0\ L(r. / ). 
a contradiction to ()VL(r./) = {a}. So aw E OYL(M) \ OVL(r,r) whence f -4 r is not confluent. □ 

In the next two sections we are going to identify the non-terminating and the terminating instances of 
the form (4.3). 


5. The Non-terminating Case. A rule of the form (4.3) loops in the following case: 

Lkmma 5.1. Let ( — > v be left s-havren but neither left barren nor light s- barrel). If ( ; R n is a suffix of 


r n . then the one-rule SRS {f -4 r} has a loop of length 3. 

Proof Like in the proof of Lemma 4.1, we get t n = r'J 1 w and rp - use' for some <r € w E E , n > 2. 
In the proof of Lemma 4.3 we showed n = 2. With r f , = vLJj for some e E S*, w(‘ then g(‘t a loop: 

f(„ -4 r n a(„ -4 r n r - i^'pfp/frp -4 vtjrrj = rfp/*prp = vfr^r yj 

= i 


□ 

These loo])s are also instance’s of Kurth’s criterion for loops of length 3 [9, Theorem 2. Case A]. The 
following little result provides an alternative criterion to Lemma 5.1. 

Lkmma 5.2. Iff -4 r has the form (4.3) then the following are equivalent: 

1. (,i( s is a suffix of r af 

2. m = 0 and y — ifawr for some if E S + . 

Proof Obviously (2) implies (1). Next we show the converse by contradiction. Let f -4 r have the 
form (4.3) and let /p/p be a suffix of r n . Define v E E* by r n = vt If m > 0 then y is a suffix of yaw 
and then yaw E OVL(Cr), a contradiction. With m > 0, the string awx is a suffix of awwxy. If y is a 
suffix of awx then yaw E OYL (f,r), a contradiction. So awx is a proper suffix of ?/. i.e., there is if E 
such that y — if awx. □ 

EXAMPPK 1. The one-rule SRS 


abdababah — > dabababbdababa 



has a loop of length H: 


abda baba b hda baba h — > 
daha babbdaba b abda babab —>■ 
dababa bbdiib abda ha baU nla baba — > 


da baba bbfn abdahaba bhda ha bah 


\dababa. 


Redexes arc underlined. The it- occurrence of the start string is indicated by a box . This example provides 
the smallest non-terminating witness (\r\ - 14) of Lemma f.f. 


6. The Terminating Case. For this section let us assume a rule of the form (4.3) where l n is not 
a suffix of r 0 . We are going to reduce termination of such a rule to termination of an SRS R over a different, 
alphabet. Termination of R will be easy to prove. 

Define r«s, and r\ij by 


r = r = a, r — 

These definitions are sound as witnessed by 


li = yawxaw, 
f-ti — (rwxfyawx ) 1 ” . 

7’s = yawxawwxy, 
r^, n — wx(yawx) m + l , 
rtf, s = wxy . 

Lkmma 6.1. Let f — > r have the form, (4.3). Then the following rewrite steps exist: 

r ( ,r rsrrj, r a r n ->e^ r r (t n 

r tf,a r —>f-+ r rtfjrr.j, r.^ n r n r^rr,*,*. 

Proof. Routine. □ 

Lkmma 6.2. Let f — y r have the form i (4.3) and let ftff’tf not be a suffix of r (y . Then ( is not a factor of 
any of the following: (1) rjr, (2) rr$, (3) rr^rjr for any i > 0. 

Proof For Claim 1, let i > 1 be least such that f is a factor of r* s r . Then ( fi is a suffix of rj because (i 
is the only overlap of f with r. Since is not, a suffix of r a ~ r & t iU (y is not a suffix of y. Hence y is a 
proper suffix of and so of yawx . So yaw G ()VL(f,r), a contradiction. 

For Claim 2, let / be a factor of rr^ . Because a is the only overlap between r and (, we have |C>| < |r^|, 
a contradiction. 

For Claim 3 assume that ( is a factor of rr,*,*rjr for some i > 0. By Claims 1 and 2, f is neither a factor 
°f rtfjr l 6 r nor of rr^ t<5 ; so f is of the form Prtfjr^” for some 0 < j < i and some non-empty suffix t* of r 
and some non-empty prefix t” of r. Thus ( is of the form artf^rjfi. If j = 0 then wx(yawx) m = wxy which 
contradicts y , o G S + . So j > 0 and y is a proper suffix of We get a contradiction by yaw G ()VL(^, r). 
□ 

The six-rule SRS R over 11 = {a, 6, e *, <7, e, /} is defined as follows: 

7? = Wg" -> A'/ft" | (</U') G {(M),(r,e)}, 

('/"**") e {(a,r),(r/,c),(/,h)}} 


(> 



Define the weight wf(x) of a striiig x by wt(a) = wf(r) = 3, wt(b) = iet(d) = irl(c) - irt{f) - 1. and 
wt‘(x\ r*) = 1 a7(.r,). Then i? terminates by 

«7’(f/) - ii7’ (r) = (ii't(g') - u’t(h')) - w7(/) + (ict(g") - «7 (/»")) = 2 - 1 + 0 > 0 


for all rewrite' stops // -4/f 

Let the string homomorphism 0 : H* -4 E* lie defined by 0(a) = r (l . <;>{!>) = r. 4. 0(c) - r.i.„.<j>(d) = 
r*. <!>(<■) = rj,,u<i>(f) = r. By Lemma G.l, « e implies </>(«■) ->(-»/ <£(«’! h>r all n.e 6 H*. However we will 
neeil the converse direction. To this end let 11 s define the regular language .Vf by 

.Vf = (a + d(fc)* + <l{f >')* f <')*(<! f + d(ft YfU'f + !>)) + /. 

Let denote the set {0(a) | 11 G M}. We are going to show that {/ -4 /^-reduction steps on o[.Vf] can 

he simulated by ft-reduetion stops. First we show that /?-reduction preserves <!>\M}. 

Lkmma G.3. If u G M and u -4/* v then v G M . 

Proof. L('t (g'Jt 1 ) G { («, rf), (c, r)} and (g",h") € {(n.c), (d, c), (/. b) }. Let « = u'g'g"u" G .Vf and 
r — u'h'fh"u". Then we derive 

w' € (« + ( l(Jc)* + difcYfcY if = «• 

//' € (« + f/(/c)* +tl(fcY Jr)* d(fcYf if ■/' = r. 

Case 1: </" = n. If ij = « then a" € M whence v = u'dfcu" € .Vf. If g' = r then «" = / whence 
tj = o' r feu" G .M. 

Cast' 2: <)" = (L Then 

n" G ((/c)* + (/<•)*/>)(« + d(f<Y + d(fcY f <■)*(« f + d(feYf(cf + b)) 

+ (f<Yf(rf + b). 


If r/ = « then c = u'dfcu" G .Vf. If </' = c then v — u'cfvv" G .Vf. 

Case 3: ry" = /. If </' = « then «" is the empty string and r = n'dfbu" G .Vf. If ry' = c then it" is again 
the empty string and v = u'cfbu" G - Vf. □ 

Next we derive a few properties of a G .Vf if d>(u) contains a factor ( . 

Lkmma C.4. Let, u G -Vf and s\s" G £*. If d>(u) = »'tn" then, u = u'i i'g"u ■ \d>(u )| < |- s | < | <i > ( u g )|. 
|0(u")| < | a" | < \<H<l"u")\ for some, u',u" G H*. {( G {«-<’}, g" G {a.d.f}. 

Proof. Suppose that u G M, G £*, and <*(«) = Let G D* be the longest prefix of tt such 

that |0(i/')| < |.s'|. Let u" G H* be the longest suffix of u such that |<J> «")| < |»"|- By \<f>(u)\ > (/")| 

there is v G S+ such that u = u'vu". Define t',t" G S* bv .s' = d>(u')t' and s" = t"d>(u"). Then 


0 (u) — <j>(u')<!>(v)<i)(u") = d >(u' )t' ft" &(u" ) , 

whence <t>(v) - t'tt". The case |i>| = 1 implies that f is a factor of r. so |c| > 2. We distinguish cases on the 


form of v. 


Case 1: v G U*(« + c)(« + d + f)il* . Let g' G {u,c}. g" G {«,</,/}■ r' 
We further distinguish cases whether v'.r” are empty strings or not. 

Case 1.1: |r'| = |r"| = 0. Then v - g'g". By definition of u' we get f'| 
get |/"| < |0(«/")|. The claim follows. 


,r" G H*. and let v = v'g'g"c". 
< |0(jry')|. By definition of u" we 



Case 1.2: |c'| = 0. |r"| > 0. By |r| > |/| and \r n \ > |/’| and v E .'W wo got r E (« 4 r)d + (a 4 d 4 /). 
Let r = r 0 r/o for sumo r () E (« 4c)<7~ ! ~, and //o E {a. <7. /}. Thou there an 4 ft J n E E + such that f = /7 7/ , 
o(r ( ,) = /7 7 , and 0(//o) = / 7 7". Since 0(f/ o ) is a prefix of r\ wo obtain /" E OYL(Cr), so /" = ft and (' = /.*. 
By definition of n () . now <!>(d) — 7*^ = 7/mc;rmme.n/ is a suffix of tg = o w.r{y(\wx) n ft So m > 0 and y is a 
suffix of ytetnx. Then ynw E OVL(Cr), a contradiction. 

Case 1.3: |e'| > 0. \v n \ — 0. Lot v = r 0 g {) for somo v {] E 12 + ( a 4 r), and g () E {rz,r/, /}. Then there 
an* f\f n E E + sucli that f = /7", (f)(v 0 ) — f7 7 , and o) — C7". Since 0(ry») is a prefix of r, wo obtain 
f" E OVL(/», so r = 7 and P = f t1 . Them 

\t*\ = |0(*'o)| > \<!>(r)\ = |/'n,n I > |C*|, 

a contradiction. 

Cast 1 1.4: |o'|, |o"| > 0. By |7*| > |/| and |r (V | > |/| and u E M we got g' = c and </' = d. So 0(rd) = 
is a factor of whence |r.y, a ra| < |/|, a contradiction. 

Cast* 2: r E \ 12* (« 4- c)(« -f t/4 /)12*. D(*fino the sot of fragments T{z) of a string z E 12* as follows. 
If c E (SI \ {/} )* then JF(c) = { c }. Elst* c = Zofz\ . . . f z v for stunt* u > 1 and unique Z\ , . . . , z n E (12 VI/})*; 
then 

F(z) = {z i f.fz 2 f,...Jz„- l fJz n }. 

From u E .M then 


T{v) E (a 4 rf)V 4 f(c 4 r)(« 4 d)*/ 4 /6. 
Because |r| > |^|, and ( is not a factor of r, wo obtain c E JF(u). St) 


v E JF(u) \ 12>, 4 c)(a 4 d 4 /)12* - d*/ 4 /erf / 4 fb. 


By Lemma 6.2, <j>(v) has no factor C so this case is void. □ 

Now we are ready to state the simulation lemma. 

Lemma 6.5. Let u E M and t E E*. If <f>(u) f then (f)(v) = f and u -4/* 7? /or* some v E A4 . 

Proof. Let u E ,M and sfts'ftt E E*, and let 0(u) = *74' and f = s'r.s'L By Ltunina 6.4 tht*rt* 
are «',m" E t/ E {u,r}, </" E {u.d. /} such that u — u'g , g f( u ,t and |0(a/)| < (.s' | < |t^( 7 /'t/')| and 
|0(w w )| < K'| < |0(t/' , t/ // )|. Dofint* E E* by .4 = 0(?//)4 and 4 ; = Then 


(f)(u) = 0( )</>(<y' )0(<7 // ) 0( ) = 0(u / )t74 / 0(?x / '), 


st) <j>(g')<i>(g”) = By |4'| < |0(t/V')| we get |^| < |0(r/")|. Define f' E E+ by <t>(g") = C7". Define 

/' E S* by f - f r. So <t>(g f ) = . By |4| < |0(«V)| we get |t'| < |t/(^)| and so t E E+. 

Since is a prefix of r, we obtain f n E OVL(Cr). so f" = ft and f f = f# m Dt*fint* fift h” E 1? by 





Then //'ty" -4 fftfh” is in /?, and moreover <*/>(</) = 0(//)/,r - and = ft<p(h”) - ftt” . So 

= 0( /)/ ) and £" = and so 


t = 4/*4' = <t>(u , )<l>(h , )<l>(f)(f>(h u )<l>(u N ) = (p(v) 
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for v = u'W fh"n" . So u -4/< v. By Lemma 6.3 wo got r G .Vf. □ 

Wo aro about to prove termination of ( -4 r by a leeluetion to t orin niation of /?. For this purpose we 
still need {/ -4 r}- reductions that start in cj>\M}. Such reductions are' provided by forward closures [10, 1] 
as we will show next. We use the following characterization of forward closures by Hermann. 

Dkiimtion 6.6 ([6, C’orollaire 2.16]). The set of forward closures oj a string rewriting rale ( -4 r over 


alphabet T. is the least set FC(( -4 r) oft -4 r-reductions such that 
fcl. (/ — > v) £ F C{( — > r), 

fe.2. if ( s i -4«- t\C) G FC’(f -4 r) and t = ft" for some £ 5Z 4 then (.s,/" -4 + t\('f" -4 4 t\r) G 

FC(( -4 r). 

felt. */ (.s, -4+ € FC(f -4 r) then („, -4+ t\tt'{ -4+ 'Wi') € FC(f -4 r). 

Lemma 6.7. Every forward closure of a rule < -4 r of the form (4.3) w/tm- tj .t is not a suffix of r„. 
/m.s a rujht hand side in o[M]. 

By induction along the definition of forward closure. Let (s 4+ f) G 1C(/ -4 r). In Case (fcl) 
we haw t — r — <j>{f). In Case (fc3) the claim follows from Lemma 0.5. Tills leaves to prove Case (fc2). 

Suppose that .s = t = f'r, (*, -4 4 /'/) 6 FC(f -4 r). and / = Cf" for some C.f" € S+. By 

inductive hypothesis, there' is « € M such that t\t" = <!>(u). By definition of M. u has suffix / or fh. 

Case 1: u has suffix fh. Define <)' G i T by a = g' fh. Then 


G (« + d(feY + d(feYfcYd{feY 


by definition of .Vf. We distinguish cast's whether 1 1 | > | ej oi not. 

Case 1.1: |C| > |rp|. The string t\C has suffix c p{fb) = rrp. By \(\ < |r| and \ f | > M we get C = zr* 
for some non-empty suffix z of r. Now z G OY L(r, f), so z = ft. So t x ( — 4>(g )n j — 0(<l )' .Y • whuitt 
t\ = <!>(</' )c„ = <!>{<)'«)■ So t\r = 0(f/«)r = <f(g'af) for g'af G .Vf. 

Case 1.2: |C| < |r.j|. Then (' is a suffix of r.i and so of r. So (‘ G OYL(r, f) wlience C = ft. So 
= 0{g'f)rp = 4>{g'f)r.i.JL whence' t\ = d>(g' f)r iiM = d>(g'fe). So t\r = J>(g'fc)r = o(g'fef) for 

tl'M G .Vf. 

Case' 2: it has suffix /. De'fine G H* by tt = #'/• Them 

</ G (ft + d(feY + d{feYfcY 

by elefinition of .Vf. By |f| < |r| we get that f G OVL(t'.C), whence /' = «. So = *%7) = <Ku')r = 

0 (g')rj whence f', = e;j(t/)r 0 = 0(t/«). So t\r = 0 (g'a)r = <j>(g'af) for f/«/ G .Vf. □ 

Lemma G.8. .4 rule, t -4 r e;/ the form. (4.3) terminates if fotCt '- s ««it « sujfjfe «/ r n - 
Proof. If f -4 r is 11011 -terminating then tiiere is an infinite rewriting sexpiemee «, -4/_» r t» 2 -4t_» r ... 
starting from a right hand side of a forward closure [1]. By Lemma 0.7 .s, G <p[M\. t e., there is m G M 
such that <t>(m) = .s'! . By induction on i, using Lemma 0.5, one easily proves that, for every i there is an 

„. + l g .Vf such that both it, -4/t it, + 1 anel 0(u i+ i) = *i+i- Hence we get an infinite reehiction seepu'iut' 

'ii , -> w u 2 ->/,> Contradiction to termination of R. □ 

Exampm*: 2. For every m > 0, the one-rule SRS 

<ib(dab) ni + ] ab — ► 

j. s . terminating by Lemma 6.8. With m = 0 ute get. the smallest terminating witness (]r| = 10) of Lemma f.f. 

This example also proves that Kurth's [8] Criterion F is incomplete, for Criterion F applies only to the 
left barren or right barn’ll e:ase‘s [3. Thexirem 0.31]. 
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\\<* note morooviT that tin 1 maxima] length of a derivation starting with s £ ^]* is linear in |.s*|. This is 
a (lin'd eonsoquen ee of the' (Increasing weight associated with a step u —*n v. 

7. The Main Theorem. Now we have all material together to prove our claim. 

Theorem /.l. Let | ()\ L(r, f)| = |()\L(/, r)| = 1. Then { / —> r} terininaies if and only if it has no 
loop of lengths U 2 , or 3. 

Proof. Let OYL(rJ') = {a} and OYL(C r) = {/*}. If ( is a factor of r then {( -> r} has a loop of 
length 1 [8]. Else if \('\ > |r| then {( -* r} terminates. If ( —> r is left barren or right barren tlien {/ -A r} 
terminates. So suppose that f is not a factor of r: that \f\ < \r\: and that ( -> r is neither left barren nor 
right barn'ii. We distinguish ruses: 

Cas(» 1: ( -> r is neither left s-barren nor right s-barren. Then r — r'fja and r = ii ( n /•" for some strings 
r\r ft . There is a loop of length 2: 

// n -> r( n = = r f ()if — > r'l^r --- r ! (’jitter" — rf t n r H . 

Cast' 2: t -> r is h'ft s-barren but not right s-barren. Then f -> r has the form (4.3). If L-fC* is a suffix 

of r « I^ 10u r } has h loop of length 3 by Lemma 5.1. Else {/ — » r} terminates by Lemma 6.8. 

Case 3: / -4 r is not left s-barren but right s-barren. This case is symmetric to Cast' 2: Wo have a loop 
of length 3 if CvCv is ft pn*fix of r^, otherwise termination. 

Case 4: / — » r is both h'ft s-barren and right s-barren. Then Lemma 4.1 and its dual apply, showing 
|/^| > M and \a\ > |/1|, a contradiction. So this case does not exist. This finishes the* proof. □ 

Kurt.li [9] has proved decidability of the existence of loops of lengths 1. 2, or 3 for one-rule SRSs. Indeed, 

for ('very SRS and every n > 1, the existence of loops of lengths less or equal n is decidable [5]. 

Corollary 7.2. Termination is decidable for one-rule SRSs {/ — > r} that satisfy |()VL(r,f)| = 
|()VL(f,r)| = 1. 

8. Conclusion. We proved that termination of one-rule SRSs with one pair of overlaps is equivalent to 
the non-existence of loops of length loss than or equal to 3. Thus we showed that termination is decidable 
for one-rule SRSs with one pair of overlaps. A surprising observation in this investigation was the emergence 
of non-tame rules, some admitting loops of length 3, and some terminating. Such rules were not covered by 
the two precursor results by Kurtli and by Shikishima-Tsuji et al. 

Acknowledgements. Robert. McNaughton gave the author an appreciation of the intricacy of the 
problem. 


REFERENCES 

[1] N. Dershovvitz, Termination of linear reuniting systems , in Proc. 8th Int. Coll. Automata, Languages 

and Programming. LNCS 115, Springer, 1981, pp. 448 458. 

[2] A. Geser, Decidability of termination of grid string rewriting rules , SIAM J. Cornput., 31 (2002), 

pp. 1156 1168. 

[3] , Is terinination decidable for string rewriting with only one rule?, habilitation thesis, Wilhelm- 

Schickard-Institut, Universitat Tubingen, Germany, Jan. 2002. 201 pages. 

[4] , Loops of superexponential lengths in one-rule string rewriting , in Proc. 13th Int . Conf. Rewriting 

Techniques and Applications. S. Tison, ecL, LNCS 2378, Springer, 2002, pp. 267 -280. 

[5] A. Geser and H. Zantema, Non-looping string rewriting , Theoret. Informatics AppL, 33 (1999), 

pp. 279-301. 


10 



REPORT DOCUMENTATION PAGE 


Form Approved 
OMB No 0704-0188 


Public reporting burden for this collection ol information is estimated to average 1 hour per response, melt ding the time for reviewing instructions, searching existing data sources, 
gathering and maintaining the data needed, and completing and reviewing the collet turn of information. S nd comments regarding this burden estimate or any other aspect of this 
collection of information, including suggestions for reducing this burden, to Washington Headquarters Serv cc-s, Directorate for Information Operations and Reports. 1215 Jefferson 
Davis Highway. Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project {0704-0138), Washington. DC 20503. 

1. AGENCY USE ONLY (Leave blank) \ 2. REPORT DATE I 3. REPORT TYPE AND DATES COVERED 


October 2002 I Contractor Report 


4. TITLE AND SUBTITLE 

TERMINATION OF STRING REWRITING RULES THAT HAVE 
ONE PAIR OF OVERLAPS 

5. FUNDING NUMBERS 

C NAS 1-97046 
WU 505-90-52-01 

6. AUTHOR(S) 

A 1 fons Geser 


7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 

8. PERFORMING ORGANIZATION 

ICASE 

REPORT NUMBER 

Mail Stop 132C 

ICASE Report No. 2002-33 

NASA Langley Research Center 


Hampton, YA 23G81-2199 


9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 

10. SPONSORING/MONITORING 

National Aeronautics and Space Administration 

AGENCY REPORT NUMBER 

Langley Research Center 

NASA /CR- 2002-21 1923 

Hampton, VA 23681-2199 

ICASE Report No. 2002-33 


11. SUPPLEMENTARY NOTES 

Langley Technical Monitor: Dennis M. Bushnell 
Final Report 

To be submitted to STAGS 2002. 


12a. DISTRIBUTION/AVAILABILITY STATEMENT 

12b. DISTRIBUTION CODE 

Unclassified Unlimited 
Subject Category 60. 61 
Distribution: Nonstandard 
Availability: NASA-CASI (301) 621-0390 



13. ABSTRACT (Maximum 200 words) 


This paper presents a partial solution to the long standing open problem of termination of one-rub 1 string rewriting. 
Overlaps between the two sides of the rule play a central role in existing termination criteria. We characterize 
termination of all one-rule string rewriting systems that have 1 one such overlap at either end. This both completes 
a result of Kurth and generalizes a result of Sliikishima Tsuji ct ah 


14. SUBJECT TERMS 

semi-Thue system, string rewriting, one-rule, single-rule, termination, 
uniform termination, overlap 

15. NUMBER OF PAGES 
16 

16. PRICE CODE 

A 03 

17. SECURITY CLASSIFICATION 
OF REPORT 

Unclassified 

18. SECURITY CLASSIFICATION 
OF THIS PAGE 

Unclassified 

19. SECURITY CLASSIFICATION 
OF ABSTRACT 

20. LIMITATION 
OF ABSTRACT 


n 4 n 7OTGT5 wm Standard form Mft(fteJ.TM) 

Prescribed by ANSI Std 239 18 
298-102 


























[6] M. HERMANN, Divergence des syst ernes de rv.ev.nt.nre et sehnnatisation des ensembles infinis de tenues. 

habilitation, Universite do Nancy, France, Mar. 1994. 

[7] Y. KoBAYASlII, M. Katshka, AND K. Shiklshima-Tsuji, Termination, and derivational complexity 

of confluent one-rule string rewriting systems , Theoret. Coinput. Sci.. 202 (2001), pp. o83 G32. 

[8] W. Kiirtii, Termination und Konfluenz von Semi- Thue-Systemen nut nur einer Regel dissertation, 

Teclinische Universit.at Clausthal, Germany. 1990. 

[9] . One-rule semi- Time systems with loops of length one, two, or three , R.AIRO Inform. Theor., 30 

(1995), p]>. 415 429. 

[10] D. S. Lankford and D. R. Messer, .4 finite termination criterion,, tech. rep.. Information Sciences 

Institute, Univ. of Soutliorn California, Marina-dol-Roy, CA. 1978. 

[11] V. MATIYASFATI’CH AND G. SenizKIUJUKS, Derision problems for semi-Thue systems with a few rules , 

in Pror. 11th IEEE Symp. Logic in Computer Science, New Brunswick, N.J, July 1990, IEEE Com- 
puter Society Press, pp. 523 531. 

[12] R. Mc'N AiKiUTON, The uniform halting problem for one-rule Semi-Thue Systems , Tech. Rep. 94-18, 

Dept, of Computer Science, Rensselaer Polytechnic Institute, Trov, , Aug. 1994. See also Col- 
lection to ‘The Uniform Halting Problem for One-rule Semi-Thue Systems” 1 , unpublished paper, 
Aug., 199G. 

[13] , Well-behaved derivations in one-rule Semi-Thue Sy steins, Tech. Rep. 95-15, Dept, of Computer 

Science, Rensselaer Polytechnic Institute, Troy, NY, Nov. 1995. See also “Correction by the author 
to ‘Well-behaved derivations in one-rule Semi-Thue Systems’”, unpublished paper, July, 1996. 

[14] . Semi-Thue Systems with an Inhibitor , J. Automated Reasoning, 26 (1997). pp. 409-431. 

[15] G. Senizkrgdhs, On the termination problem for one-rule Semi-Thue Systems, in Proc. 7th lilt. Cont. 

Rewriting Techniques and Applications, H. Ganzinger, ed., LNCS 1103, Springer, 1996, pp. 302 316. 

[16] K. SmKlSHiMA-Tsu.il, M. Katsura, AND Y. Kobayashi, On termination of confluent one-rule string 

rewriting systems . Inform. Process. Lett., 61 (1997), pp. 91 96. 

[17] C. WRATH all. Confluence of one-rule Time systems , in Word Equations and Related Topics, K. L . 

Schulz, ed., LNCS 572, Springer. 1992. 

[18] H. Z a NT km a and A. Gkskr, A complete characterization of termination of i) v \ q — > IMP, Applicable 

Algebra in Engineering, Communication, and Computing, 11 (2000), pp. 1 25. 





